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off-diagonal hypervirial 

The hypervirial relationships (HR) in the diagonal form (DHR) 

(A, ( H W  - W H ) A )  = 0 (1) 

as well as in the off-diagonal form (ODHR )  

(A, ( H W -  W H ) B )  = (EB --EA) (A, W B )  (2) 

have been employed at a large extent to approximate  the solutions of the 
SchrSdinger equation. Several authors [1-3] have called attention to the D H R  
which are trivially satisfied due to different reasons. For example,  let us suppose 
that A is a well behaved function and HA is a pseudo-Hamil tonian  opera tor  
built upon such a function, i.e. 

T A  
HA = T +  VA; VA = eA---'--~'. (3) 

Then,  if W is a coordinate-dependent  operator  and assuming that the potential  
energy is only coordinate dependent  too, the D H R  

(A, ( H W -  W H ) A  ) = (A, (HA W -  W H A ) A  ) = 0 (4) 
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is trivially satisfied, and consequently there is no interest regarding the optimiz- 
ation of A. This result was reported by Katriel and Adam [4] for a particular 
case through a somewhat different argument. 

In this communication we wish to show that in certain cases the O D H R ,  which 
are trivially satisfied, have been applied in the past without being aware of this 
fact. Let us assume that B is an approximate function by means of which it is 
desired to optimize another trial function A utilizing the O D H R .  If the hypervirial 
operator W commutes with V, then Eq. (2) turns to 

(A, ( H W -  W H ) B )  = (A, ( T W -  W T ) B )  = ( E A - E R ) ( A ,  WB).  (5) 

Owing to the fact that relationship (5) does not contain the potential term, it is 
independent of the physical model, and therefore it has no value for optimizing 
A. From Eq. (3) we can re-write Eq. (5) as 

(A, (lib W - WHB )B) = (EA -- EB )(A, WB).  (6) 

Obviously, at the most, we can get that A is an eigenfunction of HB. Then, A 
will be a better function when HB is more alike to H. These remarks allow us 
to point out some important details about previous works on hypervirials: 

(a) When B is eigenfunction of H [4-7],  Ha  = H and O D H R  are not trivial. 
(b) When A and B are approximate functions and only O D H R  are used [8], 
the results have no meaning from a formal point of view, because l i b  depends 
on the chosen function B. 
(c) If O D H R  are combined with the virial theorem or with another D H R  which 
allow to optimize B [9, 10], the results have some significance because the 
employed relationships applied to determine B are not independent of the 
potential function V. 
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